We discuss how entanglement of strongly correlated fermions is influenced by a superlattice structure by considering a one-dimensional Hubbard superlattice, made up of a repeated pattern of L U repulsive sites followed by L 0 free sites. Lanczos diagonalization of lattices up to 24 sites is used to calculate the von Neumann entropy and the negativity. The breakdown of particle-hole symmetry broadens the maxima of the entropy in the underdoped region, while the entanglement in the overdoped region is crucially influenced by the nature of the magnetic state, with dips at densities corresponding to repulsive-layer singlets and to q = π (in units of inverse unit cell length, L U + L 0 ) spin-density waves. At these special densities, the system is either a Mott insulator or a "compressible insulator." We have also found that sites within the same repulsive layer (for L U 2) are monogamically entangled with each other, which may provide a route to control entanglement simultaneously in different length scales. The understanding of entanglement has advanced considerably in recent years, 1 motivated by quantum information concepts.
We discuss how entanglement of strongly correlated fermions is influenced by a superlattice structure by considering a one-dimensional Hubbard superlattice, made up of a repeated pattern of L U repulsive sites followed by L 0 free sites. Lanczos diagonalization of lattices up to 24 sites is used to calculate the von Neumann entropy and the negativity. The breakdown of particle-hole symmetry broadens the maxima of the entropy in the underdoped region, while the entanglement in the overdoped region is crucially influenced by the nature of the magnetic state, with dips at densities corresponding to repulsive-layer singlets and to q = π (in units of inverse unit cell length, L U + L 0 ) spin-density waves. At these special densities, the system is either a Mott insulator or a "compressible insulator." We have also found that sites within the same repulsive layer (for L U 2) are monogamically entangled with each other, which may provide a route to control entanglement simultaneously in different length scales. The understanding of entanglement has advanced considerably in recent years, 1 motivated by quantum information concepts. 2 One of the directions of advancement concerns the interplay between quantum phase transitions and entanglement, which has been helpful in the selection of appropriate and viable entanglement measures to describe many-body correlations. 1, 3 As an example, for systems with interacting localized spins, the nearest-neighbor concurrence is a measure of entanglement, 4 but when plotted as a function of the zero-temperature coupling constant λ, it is smooth and displays a maximum not at criticality, since it is expected that global entanglement should be maximum at the phase transition. In this case, the signature of the quantum critical point (separating, e.g., ferromagnetic and paramagnetic phases) is more conspicuous in the derivative of the concurrence with respect to λ. 4 When considering itinerant electrons, the situation is more complex, in view of the competition between charge and spin degrees of freedom, which can give rise, in the simplest cases, to metal-insulator transitions and different kinds of magnetic modes. The Hubbard model is the simplest model to incorporate these features, and its entanglement properties have been probed mostly by dividing the system (in the pure state |ψ ) into two subsystems A and B, and calculating the von Neumann entropy,
where ρ A ≡ Tr B ρ, with ρ = |ψ ψ|, and Tr B denotes the trace over the states of subsystem B. Here we will denote by E s when A is a single site, and by E b the block entropy when A corresponds to a subset of sites. For the homogeneous one-dimensional Hubbard model, E s as a function of electron density n dips at half filling for all U > 0, indicating a singular behavior of ∂E s /∂n. 6, 8 Given that at half filling this system is particle-hole symmetric, insulating, and an SU(2) singlet, one immediately wonders which is the relative importance of these features to the ensuing singular behavior. Therefore, an investigation of entanglement when these features are separated in density is certainly of current interest.
One way of inducing this separation is to consider Hubbard superlattices 9 (SLs), which are defined as a repeated pattern of L U repulsive sites, U i = U > 0, and L 0 free sites, U i = 0. The Hamiltonian reads
where, in standard notation, i runs over the N s sites of a one-dimensional lattice (periodic and antiperiodic boundary conditions were used in order to search for minimum energy; see, e.g., Ref. 
, corresponding to doubly occupied free sites and singly occupied repulsive sites. (iii) Above a certain critical density, a spindensity wave (SDW) is formed with wave vector oscillating linearly with the density, so that it is suppressed whenever a local singlet is formed in the unit cell. 12 (iv) As the density decreases, the effects of the SL structure become progressively unimportant. 12 Here we explore how these features influence the entanglement properties of an otherwise homogeneous many-body system.
The ground state of Eq. (2) in different sectors and their corresponding energies are obtained with the aid of the Lanczos algorithm, 13,14 from which we calculate two entanglement measures, namely, the von Neumann entropy [Eq. (1)] and negativity. 15, 16 The latter is defined as
where A and B are two noncomplementary subsystems, which we will take as sets of sites within the same repulsive layer. The {μ i } are the negative eigenvalues of ρ T A,B , which is the partial transposition of the density operator ρ A,B .
15-17 The analysis of these entanglement measures is aided by examining correlation functions, as well as charge and spin gaps. Starting with single-site entanglement, for comparison Fig. 1(a) shows the behavior of the entropy E s in the homogeneous case: 6, 8 a dip occurs at the particle-hole symmetry point, which coincides with the critical insulating density, n = n I = 1, and indicates a singular behavior of ∂E s /∂n. Further, E s (1) → 1 as U → ∞, since quantum fluctuations prevent the freezing of the spin degrees of freedom. The remaining panels show the entanglement entropy for other superlattices when A is a repulsive site: in each case, the dip occurs at the insulating density n I , where E s also approaches the frozen-charge value when U → ∞. On the other hand, Fig. 2 shows that when A is a free site, entanglement decreases significantly for all n n I , and it actually vanishes as U → ∞. There are no dips in this case, and the slope approaching n I from below, [∂E s /∂n] n=n − I , seems to remain finite as the system size increases. The origin for these different behaviors can be understood from a strong-coupling analysis. As n → n I , the number of electrons on the A site, N A → 1 or 2, depending on whether A is a repulsive or a free site, respectively, so that E s → 1 (as in the homogeneous half-filled case 6 ) or 0. In the latter case, N A is saturated and electrons in excess of n I will occupy sites of the B subsystem, thus pinning E s to 0. Further, this analysis also explains why single-site entanglement in these SLs is dominated by charge fluctuations and not by spin fluctuations, in the sense that the existence, or not, of SDWs does not affect entanglement in a fundamental way.
The influence of magnetism is felt more crucially when going beyond single-site entanglement. Figure 3(a) shows the block entanglement entropy E b between a repulsive layer and the rest of the system. Data have been collected for different lattice sizes, and it is clear that the overall picture is hardly influenced by finite-size effects. For comparison, in Fig. 3(a) , we also show as dashed lines the entanglement entropy between two sites and the rest of the lattice in the homogenous case: it has the same structure as the single-site entropy of Fig. 1(a) . One distinctive feature of the SL is that the repulsive layer displays strong disentanglement (i.e., E b → 0 when U 1) when the repulsive layer itself becomes a singlet, which occurs at some density n 0 ; for the case depicted in Fig. 3 , n 0 = n I = 4/3. Even though the layer singlet only fully sets in beyond intermediate coupling, its signature is revealed even at Figures 4(a) and 5(a) show the block entropy for two other SLs, from which it can be seen that the distinctive features remain; more quantitatively, one notes
It should be noted that if one defines a repulsive-layer density, n rep , strong disentanglement does not occur necessarily at the half-filled repulsive layer, n rep = 1; for instance, while for L U = 2, L 0 = 1, we have n rep = 1, for L U = 3, L 0 = 1, we have n rep = 4/3. Therefore, the main mechanism causing strong disentanglement for n n I is the formation of singlets on the repulsive layer, given that the free sites are already full. At lower densities, one can only talk about cell singlets, in which case spins on repulsive sites are still well entangled with those on the free sites of the same cell. The figures also show that the addition of electrons in excess of n 0 causes an increase in entropy as a result of forced redistribution in the occupation of repulsive sites. Partial disentanglement (i.e., E b → 1 when U 1) may occur at other densities. For the case shown in Fig. 3(a) , this is signaled by a dip at n 1 = 5/3, corresponding to the addition to n 0 of an extra electron per repulsive layer. In strong coupling, this leads to a total spin S = 1/2 for the repulsive layer, as shown in Fig. 3(c) . Figure 4 (a) shows that for L U = 3 and L 0 = 1, two secondary dips occur: one at n 1 = 7/4 and another at n 1 = n I = 5/4. Similarly to Fig. 3(a) , these correspond to densities at which the repulsive layers eventually acquire spin S = 1/2. A secondary dip is also clear in Fig. 5(a) , at n 1 = 9/5, again corresponding to S = 1/2. In these cases, since the dips occur at n n I , this is also the cell spin, so that a q = π SDW is formed (the spatial period is expressed in units of cell length), as confirmed by the disappearance of the spin gap and by the increase with lattice size of the magnetic structure factor peak in these cases. 12 As we are focusing on the entanglement between the repulsive layer and the remainder of the system, attributing S = 1/2 to a cell or layer becomes less meaningful as the density is lowered, in view of the fainter effects of the SL structure. In this regime, the entanglement of the repulsive layer with the rest of the system therefore behaves similarly to that of the homogeneous case.
The transport properties also behave distinctly at these special densities. When the dip occurs at n I , the SL is a Mott insulator, with a charge gap, c ≡ E (N c Fig. 6 . By contrast, when the dip occurs at non-Mott densities, the charge gap rises sharply with U , but saturates for U 1, as shown in Fig. 6 , from which it should also be noticed that this behavior occurs for dips at n 0 > n I and n 1 > n I alike. For nondip densities, the extrapolated gap vanishes, indicating metallic behavior. An unusual behavior of transport properties when n > n I had already been noted in the continuous version of the model, 18 ,19 more appropriate to describe long layers: upon addition of electrons when U is sufficiently large, the free sites behave incompressibly (band insulator), while the repulsive sites behave compressibly, so that the overall behavior is that of a compressible insulator. The saturation effect seen in Fig. 6 for some specific densities, together with the vanishing gap for others, can therefore be thought of as a manifestation of this behavior when dealing with short layers.
Another difference relative to the homogeneous case concerns the behavior of the entropy maxima. As pointed out in Ref. 6 , maximum entanglement occurs at a density which varies with U ; see Fig. 1(a) . By contrast, the SL structures introduce local maxima which do not show any shift with U . Further, repulsive layers are maximally entangled in the hole-doped region, showing that the breakdown of particle-hole symmetry allows for a more robust control of entanglement.
We are now in a position to discuss the behavior of the negativity in comparison with that of the entropy. As shown in Fig. 3(b) , the negativity is maximum exactly at the density where the repulsive layer is minimally entangled with the remainder of the system, which, in this case, occurs at n 0 = n I . A similar situation occurs when we consider the negativity between the edge site of the repulsive layer and the remaining two sites of the same layer: as shown in Figs. 4(b) and 5(b) , N is again maximum at n 0 . These results indicate that the two sites within the repulsive layer are strongly entangled with each other when the repulsive layer is strongly disentangled from the rest of the system. This is a manifestation of the so-called monogamy of entanglement, according to which if two parts of the system are maximally entangled, they cannot be entangled with a third. Further, for comparison, Fig. 3(b) shows as dashed lines the corresponding results for the negativity in the homogeneous case, in which case it measures the entanglement between any two adjacent sites. Again, the monogamy is clearly manifested at the Mott insulating density, in the sense that at n I = 1, any two sites are less entangled with the remaining sites, at the expense of increasing their mutual entanglement. It should be stressed, however, that for the superlattices, monogamy of entanglement does not necessarily occur at n I , so one concludes that it is not necessarily related to Mottness. A few remarks in relation to the negativity are in order. For a mixed state describing the two sites in a repulsive layer (following the partial trace over the remaining sites) in a 4 ⊗ 4 dimensional space, the negativity, as defined by Eq. (3), provides a sufficient condition for entanglement. While a necessary and sufficient condition can, in principle, be obtained by performing a (somewhat difficult) minimization procedure known as convex roofing, 16 it is rewarding that the simpler procedure adopted here already captures the presence of monogamic behavior.
In summary, we have established that a superlattice structure leads to an entanglement behavior of correlated fermions very different from homogeneous systems. The lack of particle-hole symmetry, together with the possibility of nonuniform occupation of sites, broadens the region of maximum entanglement in the underdoped (with respect to half filling) region. Also, the entanglement entropy displays multiple dips, which occur either when the repulsive layer is in a singlet state or when a q = π spin-density wave is formed between the spin-1/2 layers. The former leads to complete disentanglement in strong coupling, and the latter leads to partial disentanglement. Interestingly, at these dips, the system is either a Mott insulator or a compressible insulator, which shows that in the context of the repulsive Hubbard model, Mottness is not a necessary condition for partial disentanglement. And, finally, sites within repulsive layers are monogamically entangled when the layer is completely disentangled from the remainder of the system. This feature can be explored to control entanglement simultaneously in two different length scales, namely, within the repulsive layer and between the layer and the remainder of the system. In conclusion, the results presented here show that superlattices provide a possible route towards increased control of entanglement in systems with itinerant electrons. Together with the recent advances in deposition techniques, which led to the assembly of chains atom by atom, 20, 21 one may envisage that entanglement engineering may be realized in these geometries by suitable combinations of atomic species. Alternatively, ultracold 87 Rb atoms have been condensed forming a superlattice, 22 and one can expect that a similar arrangement could be achieved for fermionic atoms.
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